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Let f2 be an arbitrary open subset of IR” of finite positive measure, and assume 
the existence of a subset A c IR” such that the exponential functions e, = 
exp i&x, + ... + L”X,), L = (n, ,..., A,) E A, form an orthonormal basis for L.@) 
with normalized measure. Assume 0.~ A and define subgroups K and A of (IF?“, +) 
byK=A0=(yER”:y.nE2nZ!},A=(aEIR”:U,~U,*=~},whereU,isthe 
unitary representation of (R” on L.,(a) given by U,e = e”“e,, t E IR”, ,l E A, and 
where d is the multiplication algebra of L,(B) on L,. Assume that A is discrete. 
Then there is a discrete subgroup D 3 A of dimension n, a fundamental domain Z? 
for D, and finite sets of representers R,, R,, R,, each containing 0, R, for A/K in 
K”, and Ra for A/K in A such that R is disjoint union of translates of @: 0 = 
u ,,ERn (a +g), neglecting null sets, and A = R, 0 Do. If  R, is a set of 
representers for D/A in D, then r= R, @ K is a translation set for 0, i.e., 
0 @r= J?“, direct sum, (neglecting null sets). The case A = IR” corresponds to 
a= 9, A = Do and r= K. This last case corresponds in turn to a function 
theoretic assumption of Forelli. 
1. INTRODUCTION 
The following problem was raised by I. E. Segal in 1958, and solved by 
Fuglede [5] : Which are the connected open sets B c R” such that there 
exist, on the Hilbert space L&2), commuting selfadjoint restrictions H= 
WI 9***, H,) of the operators --ia/&, ,..., -i”/ax,? Commutativity is in the 
sense of commuting spectral projections, and the differential operators are 
taken in the distribution L, sense. The problem can be reformqulated, of 
course, as an extension problem for the corresponding minimal p.d.o. with 
domain C?(a). We shall say that R has the integration property if a family 
H exists as above, and His called an integral. With an added mild regularity 
condition on LI Fuglede showed that every integral has pure point spectrum 
of constant multiplicity equal to one. The spectrum A is a discrete subset of 
IRn, and the exponential functions e*(x) = euX may be chosen as eigen- 
functions. We have used vector notation for 1, x and the scalar product Ax = 
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Cy=, Ajxj. Moreover the normalized Lebesgue measure is used in the 
definition of the Hilbert space &(J2). It follows that the functions e,, 1 E 1, 
form an orthonormal basis for L,(a). 
Fuglede also showed that conversely if Q is open, and if an orthonormal 
basis {e*: ,4 E A} exists, then B has the integration property. Moreover H is 
uniquely determined by A, and no added technical condition on Q is needed. 
The set /i is called an exponent set. 
In this paper we shall consider a fixed connected open set Q, and we shall 
assume that an exponent set /i exists. A certain invariance assumption will 
be imposed on /i. We shall show that n is necessarily a finite union of sets 
of the form /1 = &J, + S, where S is a fixed discrete subgroup of R” of 
dimension IZ and ej E R”. Moreover Q is equivalent to the union of translates 
of a fundamental domain for the group 2nS*. We also show that a stronger 
conclusion holds when the topological conditions on R are replaced by a 
certain function theoretic condition considered by Forelli [3]. (See also 
11, 15, 161.) 
Let H be an integral and let ,4 be the corresponding exponent set. In 
Fuglede’s construction /i is the joint spectrum of the operator family H = 
(H i,..., H,). By the spectral theorem H is the infinitesimal generator for a 
strongly continuous unitary representation of the additive group G of R”. 
Moreover U,e, = eif’eA for all t E G. Hence we may regard II as a subset of 
the dual group 6, also isomorphic to R”. Let J be the maximal abelian von 
Neumann algebra of multiplication operators associated to L,(R) acting on 
L*(0). The function theoretic condition of Forelli is the so called covariance 
condition 
u,JT u; =_n for all t E G. (1) 
Since operator extensions for the minimal p.d.o. -‘“/ax, with domain 
CF(f2) are given by boundary conditions (local operators), an integral H is 
completely determined by a set of selfadjoint boundary conditions. However, 
“most” of the selfadjoint boundary condition lead to extension operators Hj 
which do not mutually commute, see, for example, [7, Chap. 12B; 
12, Sect. V, Ex. 21. Consider boundary points x and y (x, y E 30) such that 
the open line segment connecting x and y is entirely contained in Q. If for all 
j, the ratiof(u)/f(x) is independent of the particular functionfin the domain 
G9(Hj), then the covariance condition (1) is satisfied for each of the unitary 
one-parameter groups eitnj. It is also satisfied, of course, by U, = 
,@+I . . . e”fin, t = (t i ,..., t,) E G, when the operators Hj commute. 
The integration problem is essentially unchanged if D is modified on a set 
of measure zero. We say that the so modified set J2’ is equivalent to 52. Note 
that the L, and the L, spaces do not “feel” null set modifications. Generally 
J2’ will no longer be open and connected. Assumption (1) has the advantage 
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of applying equally well to 52’. We say that a measurable subset f2’ of IR” is 
a spectral set iff there is a set n such that {eA: 1 E A} forms an orthonormal 
basis for L#‘). The set n is called an exponent set. 
2. NOTATION 
We adopt the terminology, definitions and notation of Fuglede’s paper [5], 
and consider measurable subsets 0 of R”. The integration problem, 
described above, is well known and solved for n = 1; but our results are new 
even for I? = 2. We assume 0 < m(Q) < co and work with the inner product 
(f,d=~(m-lI*f(x)god x x and corresponding norm ]] ]] on L#). The 
additive group of R” is denoted by G. The dual group d is identified with R” 
and we shall consider a fixed discrete subset li of G. Points in 0, G and /i 
are denoted by x = (xi ,..., x,J, t = (tl ,..., t,), and 1 = (A, ,..., A,), respectively. 
The notation Ix = CyC1 ~,Xj and e*(x) = exp(&) is used. 
If it is known that {en: I E A} is an orthonormal basis for L,(D), then a 
strongly continuous unitary representation U of G in L2(sZ) is uniquely given 
by the formula U,e, = e”‘e,, and the spectrum [ 151 of U is equal to /i. 
Throughout the paper U will always be that representation. We shall refer to 
the L,-expansion f = C cne, as the generalized Fourier expansion of a given 
f E L*(O) with respect to the given 0.n.b. {e>}. The coefficients C~ are given, 
for A E /i, by C~ = (f, e,), where (. , .) is the inner product defined above. 
Elementary induced representations enter into the proofs and we shall 
refer to a standard theorem on imprimitivity systems. The elegant short 
article [ 1 l] may be consulted. If L is a unitary representation of a closed 
subgroup H of a group G, then the representation induced from H to G is 
denoted by UL, and the corresponding representation space is denoted 
Z(U”). It is a Hilbert space of vector valued functions. UL is associated to a 
natural complete Boolean algebra of projection SL [9], projections onto 
functions vanishing outside a given measurable subset of G/H. The pair 
(U”, SL) is the natural [9] system of imprimitivity. An equivalence of two 
such systems is a unitary mapping between the respective Hilbert spaces 
which intertwines both the representations and the algebras. 
Two subsets E, F of iI?” are said to be equivalent if the symmetric set 
difference E A F is of measure zero. 
If 0 c R” is measurable subset, and r c G is a discrete subgroup, we say 
that 0 is a fundamental domain for r if 0 + r = IR” as a direct sum. This 
definition differs slightly from the one usually used in automorphic functions 
[8], but it is convenient because we shall only be interested in the question, 
when a given measurable set is equivalent to a fundamental domain for some 
discrete group. We shall also obtain a formula for calculating the group. If T 
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is just a discrete subset satisfying the condition above then we say that R is 
direct summand and that P is a translation set for $2. 
3. STATEMENT OF THE MAIN RESULT 
We consider a given open subset of R” of finite positive measure, and we 
shall assume the existence of a (fixed) exponent set /i, that is a discrete 
subset of R” such that {el: 2 E /i } is an o.n.b. for L2(0). We say that (Q, ,4) 
is a spectral pair. It was shown in [5, Theorem I] that, for R with a mild 
regularity property (Nikodym regions), existence of commuting extensions is 
equivalent to the existence of an exponent set. If ,4 is such a set we let. U be 
the representation of G = (IR”, +) on L,(Q) given by iJ,e, = e”‘e,, t E G, 
LEA. 
Then there is a unique subgroup K of G such that U implements a one- 
dimensional representation on G/K. In the special case where 0 E/i, K = 
11’ = (y E G: y . L E 27cH for all A E n }. The definition and the properties of 
K in the general case will be included in the proof below. If-H is the L”(0)- 
multiplication operator algebra on L&?) then 
A={aEG:U,MU,*=M} 
is a subgroup containing K. 
THEOREM I. Let (51, A) be a spectral pair and assume that A is a 
discrete group. Then there are finite sets of representers R, , R,, and R o , 
each containing 0, R, for A/K in K”, and R, for A/K in A. There is a 
fundamental domain g for a discrete total subgroup D c G containing A 
such that 
(9 Q = U,,,, (a + 8), disjoint union after correction on a null set. 
(ii) A is a translate of the set R, + Do, i.e., a Jinite union of cosets of 
the group Do = {I. E G: 1 . d E 27cZ for all d E D). 
(iii) If R, is a set of representers for D/A in D, then P = R, t K is a 
translation set for 51. 
Proof. Since the proof is quite long it has been subdivided into three 
different sections. The group K (which is ker(U.) in the case where 0 E/1) is 
first defined, and we show that the different translates of B by elements in K 
overlap only on sets of zero measure. In Section 4 we reduce the problem to 
the special case 0 E/i and show that the discrete group K is total (i.e., 
dimension n). In Section 5 a maximal covariance algebra Jy” is introduced, 
and the corresponding Arveson spectrum S is analyzed. The group D is So, 
and we show that U is equivalent to an induced representation U0 where p is 
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a finite-dimensional multiplicity-free representation of D. In Section 6 it is 
finally shown that the decompositions, and the representations listed in (i) 
through (iii) above follow from the analysis of Up. 
Suppose y E G is such that e,(y) is independent of Iz when it is regarded as 
a function defined on li and taking values in the circle group. Then since 
e,(x + y) = e2(x) eA(y) it is possible to write ea(x + y) = e,(x)A(y) for all 
x E G and I E /i. We let K be the set of points where this factorization is 
possible. Then the function A(.) is defined on K. 
We plan to show that the translates of S2 by K overlap on sets of zero 
measure. It is clear from the definition that /3 - a is in K for all pairs a and p 
in K, and that in fact K is a subgroup. To show that 
is of measure zero, it is therefore enough to show that ~2 n (Ll + y) is a null 
set for all y E K\{O}. The proof of Lemma 6 in [5] may be modified as 
follows to apply to the present more general situation. We set E = R n 
(0 + y) and I: = E\(E - y). As in [5] we note that F and F - y both are 
subsets of R, and that (F - y) n F = 0. 
For the indicator functionf = xF we therefore have the generalized Fourier 
expansion f = C c2e, when f is regarded as an element in L&2). Clearly 
(f (x - y) = 0 for all x E F. But we also have f (x - y) = C c,e,(x - y) = 
2 cAeA(x)A(y)-’ =A(y)-’ C c,e,(x) =A(y)-‘f (x) in the sense of L,- 
convergence. This means that the identity holds a.e. in x. The conclusion 
m(F) = 0 is immediate from this. A similar argument appies, of course, to 
(E - y)w, and it follows that the sets E and E - y are equivalent. Choose a 
parallel strip S such that En (S + py), p E Z, form a disjoint covering of E. 
Since each set in the cover has the same measure and m(E) < co, it follows 
that m(E) = 0. 
We show next that K is discrete. By translation invariance of the problem 
we may assume, for simplicity, that 0 is in 0. Hence the corresponding 
connected component a’ is an open connected neighbourhood of 0, and so 
for y E K, y + 0’ is a similar neighbourhood of y. The discreteness would 
follow if we show y + 0’ c GjK. Using again the group structure of K we 
note that the problem reduces to showing that y is not in Q’ unless y = 0. 
The following lemma is useful. 
LEMMA 1. Let x, t E G. Assume that the points x and x + t both belong 
to a fixed connected component 0’ of Q. Then 
(U,f)(x) = f (x + t) for all f E L,(0). (4 
We postpone the proof of the lemma. Assuming y E 0’ we have x + y E 0’ 
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for all x in a neighbourhood N of 0. We consider again the generalized 
Fourier expansion of a given f E L2(J2) and note the identity 
f(x + Y> = u,f(x) = WY&c, e&4 
= ZAcA(Uye,)(x) = C,c,eiy’e,(x) 
= zn cl eA(r) eAW = A (7) EA CA e,(x) = A (W(x) 
a.e. for x in N. But this cannot be true of course for all f E L2(Q). With this 
contradiction we have established that K is indeed discrete. 
A simple result in group theory [4] or [5, Sect. 51 implies that K is 
necessarily of the form 
: J p.EL for]= 1 ,***1 k , 
I 
where a(j) is an independent family of vectors in iR”. As remarked in 
[5, Sect. 51 a fundamental domain fi for K must be of infinite volume if the 
dimension k is less than n. Since translates by K of 0 overlap only on null 
sets, it follows (neglecting null sets) that R is contained in a fundamental 
domain fi for K. 
4. THE DIMENSION OF K EQUALS n 
Before finishing the proof we reduce to the case 0 E/i as follows. Since 
F(y) = eJ(r) is a homomorphism on K, there is a 0 E G such that F(y) = eiey 
for all yEK ([14]). If we therefore replace /i by /i - 8, it follows that the 
corresponding F-function is identically equal to one. Let C be the circle 
grow, and let C, =nAE,, C be the Cartesian product over/i. The 
homomorphism ~1 defined by q(x) = (e,(x)), x E G, then maps G 
continuously into a dense subgroup of a certain compact group K’ c C,. 
Moreover K is equal to the kernel of fp. 
We claim that there is a positive number t such that the restriction of 9 to 
B, = (X E G: ]jx]] < r} has a continuous inverse. For the proof, note that by 
[5, Sect. 3, Remark (3)] n cannot be contained in a hyperplane. This means 
that there are n linearly independent vectors in -4, A(i),..., L(n) say. By 
choosing t sufficiently small (but fixed throughout) we can therefore make 
sure that Ed is l-l on B, with continuous inverse. Indeed the conditions 
le i*(j)x - 1 ] < s, j = l,..., n, and J/x(] < 5 imply [(XI] < E, where E+ 0 for 
6+ 0. It follows that the canonical mapping G/K + im(p) c K’ has a 
continuous inverse, which implies in particular that G/K is compact, and so 
that the dimension of K is n. In other words k = n. (Indeed k < n implies that 
G/K has infinite volume.) As a consequence we note meas < co. 
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5. COVARIANCE AND SPECTRUM 
A subset 9 of the maximal abelian LOO(0)-multiplication algebra d is 
said to be covariant if U, 9 UT = 9 for all t E RR. We note that the 
weak*-closed *-algebra generated by a covariant set is again covariant; and 
it follows from this that there is a unique maximal covariant *-subalgebra 
dvcAc 
LEMMA 2. Let a, be the automorphism group implemented by 
(U,, t E IR”) on N, and let S be the spectrum of a. Then S is a discrete 
subgroup of (I?“, +), and the multiplication operators corresponding to e, 
span for each o E S the one-dimensional eigenspace Jy, = {Q E A 
a,(Q) = eiofQ, t E R”}. Moreover 
S= {a~/l:a+A CA, and -a+A CA}. (3) 
Proof. We refer to [ 1, 161 for terminology and standard results on 
(Arveson-) spectral theory for automorphism groups. First note that S c 
/i - /i by [ 161 is a discrete subgroup. Moreover for Q E ,Y^,, u E S, k E -4, 
and tEiR”, we have a,(Q)e,=U,QU-,e,=e-i’AU,Qe,=eifuQeA. 
Whence 
U, Q e, = ei’(“+‘) Q e,. (4) 
The last identity shows that each o E S satisfies the conditions listed in (3). 
Moreover the special case A = 0 E /i reduces the identity to U, Q 1 = eifo Q 1. 
Hence S c/i, and an application of [5, Sect. 31 (regarding multiplicity one 
of points in A) shows that Ql = const. e, 1, and therefore Q = const. e,. 
Conversely suppose o f n satisfies o + rl c/i and let Q be the 
multiplication operator corresponding to e,. Then by (4) we have 
Q4 =%+o for all 1 E/i, where X1 denotes the Il-eigenspace of H (or 
equivalently U), and a result of Arveson [ 1, Corollary 21 implies Q E -NO. 
Hence CJ E S. 
A final application of (4) yields the identity 
U, e, U-, = e,(x + t). (5) 
Here we regard the function e, as (i) an element in L,(G/D), where D = 
27rS* = So, (ii) an operator on L&2) corresponding to multiplication by e,, 
and finally as (iii) an element in L,(n). Even though e, serves those three 
distinct roles we shall not introduce terminology for the distinction, but 
instead state the meaning in the different contexts. The weak*-closed *- 
algebra (W*) generated by the L,(G/D)-multiplication operators e, is all of 
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L,(G/D). It is equal to N when identified as a subalgebra of M by [ 1, 
Theorem 2.31. Hence we have the identity 
U, Q K, = Q<x + 0, (6) 
x E G/D, t E G, Q E L,(G/D), corresponding to (5), also with regard to 
interpretation. 
The Imprimitivity Theorem [ 11, Theorem 51 and (6) now implies the 
existence of a continuous unitary representation p of D in a Hilbert space 7 1 
(unique up to unitary equivalence) and an intertwining unitary operator W: 
L,(a) -2” onto the representation space of the induced representation Up. 
Let Q E L,(G/D) and let rc(Q) be the corresponding multiplication operator 
on L,(R). We recall that W intertwines the two pairs (U, rr) and (Up, P’), 
and that Rp is the Hilbert space of vector functions f: G -+ 7. satisfying 
with 
f(d + x) = P(d)f(X)9 dED, x E G, (7) 
tlflti-~ = jbi, IlfWl:- dx < 03. (8) 
We have seen that G/K has finite volume (Section 4), and since K = 
A0 c So = D it follows that G/D also has finite measure. 
We shall need the following more specific information: The representation 
U on L2(Q) is equivalent to a subrepresentation of the regular representation 
of a certain compact abelian group K’. This is the group K’ defined above. 
The proof of this is based on the following lemma (which is in fact stated 
in a form slightly more general than needed; a special case is stated in 
[6, Lemma 71). 
LEMMA 3. Let X, p be a finite measure space, and let g,(.) be an 
orthonormal basis for L,(X) such that sup. ess., supX I g,,(x)] < co. Assume 
there is a sequence of measurable sets E, , E, ,... such that for all E > 0, and 
all pairs of points x, y, x # y there is some E, satisfying x E E, , y 66 E,, and 
p(E,) < E. Then there is a subset N of measure zero such that for any integer 
k the mapping 
x+ (gk(x), gk+l(x),...) is 1-l on x\N. 
(The reader is referred to the Appendix for a proof.) 
Consider the countable orthonormal basis (e,),,, and the space L&I). 
Using small boxes with rational coordinates we show immediately that the 
assumptions of Lemma 3 are satisfied. We shall need the conclusion in fact 
only for k = 0. It follows that 0 is equivalent to a set 0’ such that the 
restriction of f&x) = (e,(x)),,, to 0’ is l-l. 
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If 9 is a set of operators on a Hilbert space X the cornmutant Y’ is the 
set of operators T on Z such that T commutes with S and S* for all 
S E .Y. By general theory [9, 1 l] there is a canonical isomorphism between 
the following two commutant algebras: 
(p(d):dED)’ and {U,, z(Q): t E G, Q E L,(G/D)}‘. (9) 
The algebras in question will be denoted (p)’ and (U, rr)‘, respectively. Hence 
(p)’ z (U, n)’ c (v)‘. But note that (U)’ is abelian because of the known 
uniform multiplicity z 1 of U, [ 5, Theorem I]. It follows that p is multiplicity 
free; whence p =pl @ -.- @ pq, where the irreducible (one-dimensional) 
components pj are distinct. 
A direct calculation, using (7) and (6) above together with 
q./-(x) = j-(x + 0, x, t E G, $ EJf-7 (10) 
shows that pi E K” = 27rK* = (p E I?“: eipk = 1 for all k E K}. Moreover, if 
we set R,= {p I ,..., p,), then spectrum(V) = S + R, = spectrum(U) = A 
since the spectrum is preserved under equivalence. Moreover in the next 
sections (Sections 6 and 7) we set up a bijection between the finite group 
A/K and the set R, . It follows in particular that index(A : K) = (R,) = 
dim(Y) = q < co. 
6. DECOMPOSITION OF R 
By decomposition theory for induced representations [9, 1 l] we have the 
direct decomposition of Up into Up1 @ ..a @ Up4 corresponding to the 
decomposition Rp = L,(G/D, pl) @ e-e CiJ L,(G/D, p,), where L,(G/D, pi) = 
Z”j is the space of scalar functions f satisfying f(x + d) =pj(d)f(x) and 
lcln If(x)]’ dx < ao. Hence we can choose a fundamental domain g for the 
subgroup D such that g c a. Since the spaces Rw and L*(a) are 
isomorphic for each j, there is a subset R, c I?” such that 
C2 @ R n = R (n.n.s.). (11) 
We use this terminology for “direct sum, neglecting null sets.” Condition 
(11) is said to hold by definition if R is equivalent to a set R’ such that 
every x E 0’ decomposes uniquely as x = d + r, where d E Q and r E RR. 
The construction of R, proceeds as follows: 
We may regard U as a representation of the finite group A/K. Hence it 
implements an automorphism a + K + U, - U,* =/3,(e) of d (the L,(O)- 
algebra) for each a E A/K. An application of Lemma 1 shows that the 
corresponding spectral decomposition of J (cf. [ 11) coincides with the 
decomposition (11) above of 0. Since the dual of the finite group A/K is 
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isomorphic to the group itself, it follows that R, must be a subset of A, and 
that there is a bijection of R, onto A/K. This bijection is specified as 
follows: R, is a set of representers for the group A/K in A. This means that 
the direct decomposition 
is valid. 
R,@K=A (12) 
Let x E (A/K)*. Then the elements Q E JP in the corresponding spectral 
subspace (cf. [ 11) are characterized by the identity p.(Q) =x(a)Q. This 
reduces to U, Q U,* = Q if x = 1. Under the identifications we have ,X0 - 
La,@‘) - L,(W). H ence e, E .A0 for c E S and U, e, U,* = eiuaeO = e,. 
The inclusion R, c So = D follows from this. But since Kc D, it follows 
from (12) that in fact A c D. 
We now turn to the analysis of the Hilbert space T- entering into the 
definition of (LP’,GP), cf. (7), (8) and (10). Let rp E C(G/D), and let @ be 
the corresponding function on g. Recall that, neglecting null sets, 9 
contains precisely one point in each coset x + D. Then 
where 
h,,“(X) = 2 uqx+ a) 
lZER* 
and u, v E C(a). By Lemma 1 and [ 11, Eqs. (4) through (6)] 5‘ is the 
completion of C(a)/{ u: u(a) = 0 forq all a E R,} with respect to the norm 
induced from the form (u, v) = h,,,(O), that is, 
Y- = ({u: h,,,(O) < a3 }/( u: h,*,(O) = o})-. 
If u, E C(a) satisfies 
(13) 
u,(b) = 1, b=a 
= 0, bfa, 
(14) 
then the corresponding family of vectors {u.},,~~ in 7’ forms an 
orlthonormal basis in Y. 
It follows that R, is a set of representers for A/K (zR.) in K”, so that in 
particular there is a bijection of R, onto R,. (We show in the next section 
that this is a natural bijection.) 
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We now turn to the subset R, in part (iii) of the conclusion (of 
Theorem I). The requirements are R, @A = D, and r@ D = G (n.n.s.). 
A fundamental domain d for K has been chosen such that ~2 c 6. We 
now establish the existence of a subset R, of D, such that n + R, = 6, direct 
sum, neglecting null sets. For convenience we shall introduce the following 
terminology for this: 
fl@R,=d (n.n.s.). (15) 
We set r= K + R, and note the identity 
d@K=iR” (n.n.s.). (16) 
Hence we have (substituting (15) into (16)): 
f2@T=W (n.n.s.) (17) 
i.e., r is a translation set for R. 
The translation identity (15) is established in two steps. Choose a set R of 
representers for the finite group D/K in D such that PZ @ R = 6. Recall that 
finiteness of D/K follows from the volume considerations in Section 4. Since 
R, @K = A, there is a set R, of representers for D/A in D such that R = 
R,@R.. Hence (by (11) and (12)) 
f2@R,=C3@R&Rr=C2@R=li (n.n.s.), 
which is the desired identity (15) above. 
We have seen that the structure of the sets R, and R,. are closely 
intertwined with the groups A/K and D/A. We finally turn to the relationship 
between the two sets R, and R,, where we recall R, is the inhomogeneous 
part of the exponent set li, i.e., /i = R, + S. 
For P, E R,, u E S, 1= o + p,, u E L&2), we have the identity 
meas ~7) = jQ e, u = ja eilX i ei“r’a*u(x + a,) dx, 
S=l 
where R, = {a, ,..., a,}, s = l,..., q. Hence the totality of {el: I E/i } in L#2) 
is equivalent to 
determinant (eipr.cls)l,s # 0. 
This determinant condition can be seen to follow from the choice of the sets 
R, land R, as representers for the group A/K in K”, respectively in A. 
Similarly, we see that the orthogonality of the family (en} in &(a) is 
reflected in the following fact from group theory. Let F be a finite abelian 
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group, xEF, x# 1. Then C asf~(a) = 0. If we apply this to x = p, -p,, 
r # s, F = A/K, and recall that R, -R, c K” c (A/K)-, the identities 
follow. A simple calculation, using again (1 l), shows that this is equivalent 
to orthogonality of the e,‘s. 
We turn to the canonical (natural) bijection between the sets R, and R,. 
It is implemented by the natural isomorphism of the commuting algebra (p)’ 
onto (Up, rP)‘. We recall that W: L,(0) -+R” intertwines the pairs (U, n) 
and (VP, nP) and hence implements on isomorphism of commutants, cf. (9). 
Considering the basis given in (14), we note that (p)’ is isomorphic to the 
algebra of functions on R, and hence on A/K. Using the intertwining 
property of W in combination with (4) and (13) and (7) on the basis (e,k} we 
similarly show that (U, n)’ is isomorphic to the algebra of functions v/ on /1 
satisfying ~(2 + o) = w(n) for A E /1, u E S, hence the functions on 
A/S-R,. 
7. FORELLI'S CONDITION 
THEOREM II. Let B c IR” be a measurable subset of finite positive 
measure, and assume the existence of some exponent set A. Let U be the 
corresponding unitary representation of G in L,(Q) with spectrum equal to 
A, and let -X be the maximal abelian algebra of multiplication operators on 
L,(a) associated with L,(a). Assume in addition that 
u, ..x u;” = J.4 for all t E G. 
Then A = 8 + D, where 0 E IR” and D is a discrete subgroup of G of 
dimension n. Moreover B is equivalent to a fundamental domain for the 
group 2nD *. 
Proof: As noted above, we shall identify L,(R) with the corresponding 
maximal abelian von Neumann algebra of multiplication operators on L2(.R). 
It will be denoted by M, and the corresponding complete Boolean algebra of 
projections in J will be denoted by 2’. It is quite clear that the invariance 
assumption on & implies invariance of J8 as well, i.e., U, 9 LJF = 9 for all 
t E G. Let M be the multiplication operator corresponding to a measurable 
subset E c 52. Then N = U, M LJF E -%. Clearly N = N* = N*, and it follows 
that N is the projection associated with some measurable subset, written 
[E] + t. Hence invariance of 28 follows, and we have a Bore1 action [9, lo] 
of G on 52. 
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We claim that the group of automorphisms a,(M) = U, M U,? is ergodic. 
Consider a projection P E 9, P# 0, such that a,(P) = P for all t E G. 
Ergodicity follows if we show that necessarily P = Z, that is the identity 
operator on Z&J), The assumption states that P belongs to the commutant 
of {U,: t E G}. Since, by [5, Theorem I], U has pure point spectrum with 
uniform multiplicity equal to one, it follows from a standard result in 
operator theory [ 13, Sect. 129; 15, p. 3371 that P= CA.,,, E,, where /i, is 
some subset of LI, and E, is for each L E /ii the one-dimensional projection 
with range e,. Pick some fixed d, E A,. We can do this since P # 0 is 
assumed. But P is the multiplication operator given by some indicator 
function xE of a measurable subset. Hence &) e,,(x) = (Pel,)(x) = e*,(x) 
a.e. Since e,,(x) # 0, it follows that x,(x) = 1 a.e., or equivalently P = I. This 
concludes the proof of the claim. 
8. A THEOREM OF MACKEY 
We have now verified all the assumptions in an important theorem of 
Mackey on imprimitivity systems with point spectrum [ 10, Theorem 21. The 
conclusion of the theorem states the existence of the following four 
constructs: (1) A continuous homomorphism v, of G onto a dense subgroup 
of a compact topological group K’. (Since G is commutative, Mackey’s 
construction implies commutativity also of K’.) (2) A closed subgroup H 
of K’. (3) A unitary representation L of ZZ, and finally (4) A unitary 
equivalence transformation W of L&2) onto &“(.!,I”), i.e., the representation 
space of the induced representation UL from H to K’, satisfying 
W9 W-’ = .5YL, and W U, W-’ = Vi,,, for all t E G. 
A standard result in representation theory [9, 1 l] gives an isomorphism 
between the commutant of the system (U”, 9”) on the one hand, and on the 
other hand the commutant of L. Since (U”, 5?L) 1: (U, 55’), it follows that 
(U’, gL) is ergodic. Hence both commutants are trivial; L is irreducible and 
therefore one-dimensional. 
A standard application of the Pontryagin duality theorem [ 14, Sect. 2.1.21 
for abelian groups shows that UL is given as follows: If group duality is 
denoted by 1 and the annihilator by 0, we have L E Z?- k/H’, and 
(K’/H) N Ho. If t9 is an element in Z?’ which corresponds to L, then UL is the 
representation which is given uniquely in L’(K’/H) by the requirement that 
its spectrum equals B + ZZ”. Since Ho is a group, this is a coset. Since the 
image im(q) is dense in K’, it follows that the transposed homomorphism Q: 
d’+ G is l-l. Hence $(e+ZZ”) =$(e) +$(H’) is a coset in G N IR”, 
isomorhpic to 0 + Ho. 
We claim that (1) the spectrum of U is equal to g(0) + @(Ho) =A, and 
that (2) the group @(Ho) = D has dimension equal to n. Note first that (2) 
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will follow if (1) is known by the argument in [5, Sect. 3, Remark (3)]. To 
prove (l), assume A is in the spectrum of U. Then U,e, = e”*e, for all t E G. 
If we apply W to this, the identity U$JA = ei’“fA results. Here fA = 
We, # 0; in fact ]]fA ]I = 1. S ince o(t) is the point in the Cartesian product 
C, = n, C whose A coordinate is e,(t), it follows that p(t)-+ eitA is a 
continuous homomorphism on the dense subgroup im(q) ofK’. Hence there 
is a unique r E 2’ such that I$(<) = eitA. Using continuity of UL, we get 
UifA = r(k)fn. Hence < belongs to the spectrum of UL. Since the argument 
is clearly reversible, the proof of (1) is complete. 
9. APPENDIX: PROOF OF Two LEMMAS 
9.1 
The intuitive idea behind Lemma 1 is this: If it is possible to send a signal 
u from one point x in D to a second point z = x + t, also in 0, in such a 
manner that (J avoids the boundary XJ throughout its journey from x to z, 
then the calculation of u at z in terms of o(x) is independent of the 
prescribed boundary condition. Since the infinitesimal generator is local, a 
choice of U= eifH is equivalent to a choice of boundary conditions on aJ2, 
by von Neumann’s theory [2, Chap. 41. Under the assumptions of the 
Lemma, it is possible to let the signal travel inside L!. 
We fix x0 in R and let t in G be such that x0 + t is.in the same connected 
component of D as x0. Hence it is possible to choose a neighbourhood N of 
0 in IR”, and points x1, x2 ,..., xP =x0 + t in R such that the line-segments 
[xj-, , xj] are all contained in Q, j = I,..., p. By choosing N sufficiently small 
we may further assume that for all points y,,,..., yP, yj E xj +%.S-, the line 
segments [ yi-, , yj], j = I,..., p, are also contained in 8. 
Set Uj=(Xj-Xj-,)))Xj-Xj-lJI-l and define a family of p unitary one- 
parameter groups in the direction of vi, Uj(z) = U(zuj), 5 E Ft. Let Kj be the 
generator of the group Uj, and note that Kj is a selfadjoint extension of the 
vector field -ivj . V, regarded as a symmetric operator in &(a) with domain 
C?(Q). Values of r of special interests are t = rj = ]]xj - xi-r]]. The group 
property of U (which is a consequence of the integrability assumption 
imposed in Theorem I, and part (b) of Fuglede’s Theorem I [5]) implies the 
following operator identity 
U(t) = U,(z,) a. * U,(t,). (18) 
Similarly, let Tj denote the one-parameter translation group in the 
direction vjr again for j= l,..., p. Note that, of course, Tj is only locally 
defined. In verifying (2) it is clearly enough to check it for f in a dense 
subspace of L,(a). For f E C?(0) we have 
uj@jj> f(Yj-1) =f(Yj). (19) 
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Indeed, the difference of the two numbers in (19) is equal to the integral 
I =’ v/@j - wq - vj ’ VI TjWf(Yj- 1) do, 0 
and the integrand there is identically zero on account of the following three 
facts: 
Cl) Tj(")f(e) E cF(o>* 
(2) The line-segment yjPl + avj, 0 <u < rj is disjoint from aa, i.e., 
contained in a. 
(3) iKj agrees with the vector field vj . V on Cr(Q). 
Hence, starting with f E C,“(a), we apply (19) for j = 1 to f itself. It 
follows that U,(r,)f E Cco,(a), so that (19) aplies again, now for j = 2 and 
with f replaced by U,(r,)f. After p steps we have arrived at the identity 
U&J **- U,(z,)f(y,) = f(yo + t). Now finally apply (18) and set y, = x0. 
The desired identity (2) of the lemma follows. 
9.2 
In Lemma 3, a finite measure space X, p is given, and the existence of a 
uniformly bounded orthonormal basis {g,(x)} for L,(X) is assumed. The 
measure space is assumed countably separated by a sequence E,, E,,... of 
measurable sets: Any pair of points can be separated by some E, with 
arbitrarily small ,u(E,). We show that the mapping x -+ (g,,(x)) is essentially 
l-l, even when a finite number of terms g,(x) are neglected. 
To be precise, let E be a measurable set, and letfbe the indicator function 
xE. Then f = C c, g,V,) with c, = I, g,(x)&(x). Choose a set N’ of 
measure zero such that a subsequence is pointwise convergent on x\N’. We 
may choose in fact a grand null set N which works for each term e = E, in 
the separating sequence. Let M = sup” ess. sup, 1 g,(x)1 < co. Let x, y E X/N 
satisfy g,(x) = g,(y) for all n > k, where k is fixed. Then 
k-l 
If (4 - f (y)l Q "To I cnl I g,C4 - gAy)l G k+) 2M2v 
where the estimate I c, ( < MI, dp is used. Since the term kp(E) 2M2 may be 
chosen arbitrarily small for some E in the separating sequence, 
If(x) - f (y)l < 1 follows. Hence f (x) = f(y), which in turn implies x = y. 
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